A coupled Legendre-Laguerre spectral element method is proposed for the Stokes and Navier-Stokes equations in unbounded domains. The method combines advantages of the high accuracy of the Laguerre-spectral method for unbounded domains and the geometric flexibility of the spectral-element method. Rigorous stability and error analysis for the Stokes problem is carried out. Numerical results indicate that the proposed method is very effective for some realistic flow problems in unbounded domains, such as flows passing a circular cylinder.
Introduction
There have been many theoretical and numerical investigations on using spectral methods for solving PDEs in unbounded domains. For an overview on this subject, we refer to the book by Boyd [3] and a more recent review paper by Shen & Wang [18] . However, to the best of the authors' knowledge, essentially no effort has been made on using a spectral method for direct simulation of flow problems in unbounded domains. A first step in this direction was made in a recent paper [1] where the authors studied the Legendre-Laguerre spectral method for the Stokes equations in a semi-infinite channel. In that paper, the authors constructed stable discretization spaces using Legendre and Laguerre series for the Stokes problem and derived a sharp estimate for the inf-sup constant. However, due to the one-domain approach, the results in [1] can not be directly used for complex geometries such as those encountered in simulating flows passing obstacles.
In this paper we continue the work started in [1] and aim at developing a coupled Legendre-Laguerre spectral-element method for Stokes and Navier-Stokes equations in complex unbounded domains. The method will combine advantages of the high accuracy of the Laguerre-spectral method for unbounded domains and the geometric flexibility of the spectral-element method. In order to validate the method and show that it can be applied to realistic flow problems, we will implement it to simulate flows passing a cylinder and compare the results with the approach using an artificial boundary with non-reflecting boundary conditions [19] .
On the theoretical side, we shall carry out stability and error analysis of the coupled Legendre-Laguerre spectral-element method for the Stokes problems in a simple geometry, for the sake of the clarity. It is evident that this analysis can be extended to complex geometries by using standard arguments of the spectral-element method.
The outline of this paper is as follows. In Section 2 we present the Stokes problem in a semi-infinite channel and formulate the coupled Legendre-Laguerre spectral-element method for the Stokes problem. In Section 3, we study the stability of the coupled Legendre-Laguerre spectral-element method and provide an explicit lower bound for the inf-sup constant. Then, we carry out a rigorous error analysis for the proposed method in Section 4. We provide in Section 5 implementation details of the method for the Stokes and time-dependent Navier-Stokes equations, and present several sets of numerical results, including numerical simulation for the flow passing a circular cylinder.
We now introduce some notations/conventions which will be used throughout the paper. Let Ω be an open connected domain, and ω > 0 be a weight function on Ω, we denote by (u, v) Ω,ω := Ω uvωdΩ the inner product of L 2 ω (Ω) whose norm is denoted by · ω,Ω . We set L 2 0,ω (Ω) = {v ∈ L 2 ω (Ω) : Ω vωdΩ = 0}. We use H m ω (Ω) and H m 0,ω (Ω) to denote the usual weighted Sobolev spaces with norm · m,ω,Ω . In cases where no confusion would arise, ω (if ω ≡ 1) and Ω may be dropped from the notations. We denote by c or c j generic positive constants independent of the discretization parameters. We also use the expression A B to mean that A ≤ cB. Throughout this paper we will use boldface letters to denote vectors and vector functions.
Stokes problem in a semi-infinite channel
An important motivation for developing coupled Legendre-Laguerre spectral element method is to solve challenging problems in multiple-dimensional infinite domains. A particular application is to simulate the flows passing an obstacle or in a semi-infinite channel. An essential step in developing numerical schemes for such problems is to study the Stokes problem in a semi-infinite channel.
To fix the idea, we consider the semi-infinite channel Ω = {x : 0 < x < +∞, −1 < y < 1} with boundary ∂Ω. We define two subsets of Ω: We also denote
An illustration of the domain configuration is shown in Fig. 1 .
For any function v defined in Ω, we use v − and v + to denote the restrictions of v to Ω − and Ω + , respectively. We define (·,
Obviously, we have
Consider now the Stokes problem in the semi-infinite channel:
Now we define the coupled Legendre-Laguerre approximation. Let L i (x) and L j (y) be respectively the Laguerre and Legendre polynomial of degree i and j, andL i (x) = L i (x) exp(−x/2). We recall the following orthogonality relation:
Let P N (Ω − ) be the space of all polynomials of degree ≤ N in Ω − with respect to each variable x and y. We define the spaceP M,N (Ω + ) bŷ
Let us denote by N the pair of parameters (M, N ), and define
We define the discrete inner product (·, ·) N by
where Then, the coupled Legendre-Laguerre approximation to (2.2) is:
The coercivity and continuity of the bilinear form (∇w N , ∇v N ) N and the continuity of the bilinear form (∇ · v N , q N ) N can be verified easily by using the property of the discrete norm associated to the Legendre-Gauss-Lobatto quadrature [2] and the fact that (2.5)
where {ξ k ,ω k } are the Laguerre-Radau points and weights in [0, ∞), and
More precisely, we have
Then it is well-known that the well-posedness of the coupled formulation (2.4) relies on the so called inf-sup condition [4] :
where β N is the inf-sup constant.
Estimation of the inf-sup constant
This section is devoted to the estimation of the inf-sup constant.
Proof. Let us first remark that
Consequently, it suffices to prove (3.1) with (∇ · v, q) in place of (∇ · v, q) N . Let q ∈ M N . We start with Ω − and decompose q − as
and r − is a constant. Then, it is known (cf. [2] ) that there exist a positive constant β
where |Ω − | is the measure of Ω − . We denote by w (3.6) and
3) and (3.6), we find that
and
So we obtain
We now consider Ω + . We recall from [1] that there exists a positive constant β
then v ∈ X N , and from (3.7) and (3.11), we find
,Ω . By the definitions of v − and v + , and using (3.3), (3.5), (3.8) and (3.9), we get
where c 1 , c 2 depend on g and |Ω − |. Combining the last three results leads to
where
Error estimates
We carry out in this section error analysis for the coupled Legendre-Laguerre spectral element method to the Stokes problem.
Some preliminary approximation results
We start with some notations and definitions which are needed in the following error analysis. Let ω r (x) = x r e −x andω r (x) = x r . We now recall some approximation results collected in the recent review paper [18] for the Laguerre functions {L k }, which correspond to the generalized Laguerre functions {L [18] with index α = 0. We first introduce some suitable functional spaces. Let us denote∂ x = ∂ x + 1 2 . We define for all m ≥ 1,
equipped with the following norm and semi-norm
We also defineB
endowed with the norm and semi-norm:
It can be easily verified that
The following result is a special case (α = 0) of Theorem 3.3 in [18] :
We can verify that
and the following result holds (cf. Theorem 3.4 in [18] ):
be the interpolation operator at the Laguerre GaussRadau points. The following result is a special case (α = 0) of Theorem 3.8 in [18] (which was first proved in [11] ):
, and define the quasi-orthogonal
Then we have the following result.
Proof. By definition, we have (
Furthermore, a direct calculation shows that
This completes the proof.
We now recall some approximation results by Legendre polynomials. Let us denote
We use z here to denote either x or y.
Also let I N : C(Λ) → P N (Λ) be the interpolation operator based on the LegendreGauss-Lobatto points. Then, we have the following results (cf. [8, 10] ):
Nṽ . We then derive immediately from Lemma 4.5 the following:
Error analysis
Let R + a = (a, +∞). We denote by L 2 (Λ,B m (R + a )) the space of the measurable functions
In particular, the norm of L 2 (Λ, L 2 (R + a )) is denoted by · 0,Ω + , which is defined by
Moreover, for any non-negative integer n, we define
the norm of this space is given by
Finally for any non-negative integer m, n, we define the following spaces We are now in a position to derive the error estimates.
Then the solution (u N , p N ) of (2.4) admits the following error estimates:
For any u ∈ H 1 0 (Ω) 2 , we define
where Π 
The above result together with Theorem IV.2.5 of [2] leads to
Now we estimate the terms on the right-hand side of the above two inequalities. Firstly, for all f ∈ {v :
On the other hand, we have
Secondly, by the approximation property of Π
∂ m x ∂ y u ω m−1 ;0,Ω + . From the above two estimates, we get
Similarly, by the approximation property of Π 1 N and Π
1,0
N in Lemmas 4.5 & 4.6, we find |u
Thus, we obtain 
Now, by Lemma IV.1.2 of [2], Theorem 4.1 of [1] and Lemma 4.5, we have inf
w N ∈V N |u − w N | 1,Ω ≤ (1 + 1 β N ) inf w N ∈X N |u − w N | 1,Ω 1 β N |u − − Π 1,0 N −1,y Π 1 N −1,x u − | 1,Ω − + |u + −π 1,0 M,x Π 1,0 N −1,y u + | 1,Ω + β −1 N N 1−σ u − σ,Ω − + (M 1 2 − m 2 + N 1−n ) u + Y m;n + .
It now remains to estimate inf
As a direct consequence of the above estimates, we finally obtain
Numerical computations
We present in this section several numerical tests to illustrate the theoretical results established in previous sections and to demonstrate how the coupled Legendre-Laguerre spectral element method can be used to simulate realistic flow problems in unbounded domains.
Numerical computation of the inf-sup constant
We first compute the inf-sup constant β N described in Section 3. To this end, we consider the case that a = 2 and the domain is decomposed into two elements only.
Inserting the expansions of u N and p N into (2.4), the resulting set of algebraic equations can be written in a matrix form, .9) is to use a preconditioned conjugate gradient method with the mass matrix B N as a preconditioner [2, 5, 7, 14] . In this procedure each outer iteration requires the inversion of two Laplace operators (A N matrix) which can be carried out by the fast diagonalization method (see [13] ). Hence, the efficiency of the method is dictated by the condition number κ N of B The first computational investigation is concerned with the lower bound on the inf-sup constant derived in Section 3. In the left of Fig. 2 , we plot the variations of β N versus M in log-log scale for several N . We observe that β N is independent of N while it decays as 1 M . In the right of Fig. 2 , we plot the variations of β N versus N for several M . We observe that β N remains to be constants as we vary N with M fixed. These results seem to indicate that β N = O( 1 M ), which is the same as in the coupled Laguerre-Legendre approximation in [1] . However, we were not able to improve our estimate in Section 3 to match this numerical observation. There are possibly two scenarios for this discrepancy: (i) the numerical results show in Fig. 2 have not reached the asymptotic range; and (ii) the lower bound for the inf-sup constant in Section 3 is not optimal. In any case, this is an issue of academic interest only since in practice we always use 
Numerical tests for the convergence rate
The next numerical test is carried out to check the convergence behavior of the coupled Legendre-Laguerre spectral element method in case of a more general domain decomposition. To this end, we divide Ω − and Ω + into several non-overlapping macro-elements.
To simplify the presentation, we assume that all elements are rectilinear. We partition Ω − into K − non-overlapping elements:
i.e., we partition Λ a = (0, a) in x direction into K x parts: while partition Λ = (−1, 1) in y direction into K y parts:
At the same time, we divide Ω + into K + = K y non-overlapping parts, i.e., we divide y direction of Ω + as in Ω − . The finial domain configuration is illustrated below:
We consider the Stokes problem with the following analytical solution
in the computation domain Ω that is the union of the following two sub-domains:
Then we further decompose Ω − into 16 equal macro-elements, and Ω + into 4 equal macroelements. In Fig. 3 , we plot, in a semi-logarithmic scale, the H 1 -velocity and the L 2 -pressure errors in Ω − as a function of N with M fixed (figure on the left) and in Ω + as a function of M with N fixed (figure on the right). We observe that the errors converge exponentially which is a typical behavior for spectral methods with analytical solutions.
Applications to flow simulations
We consider now simulations of fluid flows past a cylinder. To understand what and how the computations will be done, we review below the time discretization algorithm to be used here.
We consider the flow of an incompressible fluid around a circular cylinder placed in a semi-infinite channel. The flow is governed by the following Navier-Stokes equations: Usually, the nonlinear terms are treated explicitly either via a Adams-Bashforth scheme or a characteristics scheme based on the operator-integration-factor (OIF) splitting method [15] . In most applications, the latter has shown advantage over the former thanks to the fact that the OIF method allows for time-step sizes exceeding standard CFL limited timestep sizes. For this reason, we use a semi-Lagrangian method (see, e.g., [20] ), which is based on the OIF splitting technique, to treat the time derivative and the convective terms. This temporal discretization results in a saddle point problem coupling the velocity and the pressure, which is decoupled later via an additional splitting step. Such an approach was analyzed and applied to various computations in the papers of Perot [16] , Couzy et al. [6] , and Lin et al. [12] . The approach has a common foundation with traditional projection approaches which lead to a Poisson equation for the pressure (cf. [9] ). More precisely, we rewrite (5.11) under the following form:
where D Dt denotes the material derivative taken along a path moving with velocity (w 1 + 1, w 2 ). Then we use the second order backward differentiation scheme to discretize (5.12)
where ∆t is the time step,w n andw n−1 are the transports at different instants of the previous solutions on the characteristics. This time semi-discretization leads to a generalized Stokes equation for (w n+1 , p n+1 ) in each time step, which is further discretized in space by using the coupled Legendre-Laguerre spectral element method described in the preceding sections.
We shall first test this approach with an analytical solution given by
We take the computational domain to be {x :
The computation domain Ω is first decomposed into two sub-domains:
Then we further partition Ω − into a number of macro-elements, and Ω + into several equal macro-elements. In this case deformed elements have to be used to partition the domain. A typical mesh for this problem is shown in Fig. 4 . degree M = 32, and the time step t = 0.02. In order to accelerate vortex formation, the cylinder is artificially perturbed by performing impulsively started rotations with a clockwise angle-velocity 0.2 between t = 3.0 and 4.2, and a counterclockwise angle-velocity 0.3 between t = 4.5 and 6.0 (cf. Fig. 8 ).
The simulation results obtained in the unbounded domain are compared to the ones computed by a standard Legendre spectral element method in a bounded domain using a non-reflective artificial boundary condition [19] . A standard Legendre spectral element mesh for the bounded domain is shown in Fig. 9 . The bounded domain is partitioned into 310 Legendre-Legendre macro-elements.
In Fig. 10 , we plot the isolines of the horizontal velocity, pressure, and vorticity at t = 10, obtained respectively by using the coupled Legendre-Laguerre spectral element method and the standard Legendre spectral element method. One observes a very good agreement between the two families of plots. The isolines at t = 12 are plotted in Fig. 11 . It is seen that the results produced by the two methods remains indistinguishable. The computation is continued until the vortices reach the downstream domain. We present the results at t = 14 in Fig. 12 where some vortices appear in the downstream.
We observe here some slight differences between the two approaches at downstream. This is not surprising since the Legendre spectral element method uses, at the artificial outflow boundary, a non-reflecting boundary condition which is no longer valid when some vortices reach the artificial boundary. In Fig. 6 , we present the errors at t = 1 with respect to N in Ω − with M = 48 (figure on the left), and with respect to M in Ω + with N = 10 (figure on the right). One observes that the errors decay exponentially until the time discretization errors dominate. These results demonstrate that the Legendre-Laguerre coupled spectral element method for unbounded domains possesses same convergence features as those of the conventional Legendre spectral element methods for bounded domains.
Concluding remarks
We have presented a coupled Legendre-Laguerre spectral element coupled method for the Stokes and Navier-Stokes equations in a semi-infinite domain. A detailed stability and error analysis has been carried out for the Stokes problem in a semi-infinite channel. Namely, we established the well-posedness of this method by deriving an explicit lower bound for the inf-sup constant, and derived error estimates by using the inf-sup estimate and the Laguerre/Legendre approximation properties.
We have also implemented the new method to simulate the flow passing a circular cylinder, and compared the results with those obtained by using the standard Legendre spectral element method which uses a non-reflecting boundary condition at an artificial boundary. The new method enjoys the following advantages: (i) no artificial boundary is needed as the method works directly in the infinite domain, eliminating the ad-hoc process of choosing an artificial boundary and boundary conditions; (ii) the interface between the Legendre spectral-element region and the Legendre-Laguerre region can be placed very close to the obstacle, leading to potentially significant saving in the number of unknowns and CPU. 
